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An elegant method to circumvent quantum measurement backaction is the use of quantum mechanics free
subsystems (QMFS), with one approach involving the use of two oscillators with effective masses of opposite
signs. Since negative energies, and hence masses, are a characteristic of relativistic systems a natural question is
to what extent QMFS can be realized in this context. Using the example of a one-dimensional Dirac oscillator
we investigate conditions under which this can be achieved, and identify Zitterbewegung or virtual pair creation
as the physical mechanism that fundamentally limits the feasibility of the scheme. We propose a table-top im-
plementation of a Dirac oscillator system based on a spin-orbit coupled ultracold atomic sample that allows for
a direct observation of the corresponding analog of virtual pair creation on quantum measurement backaction.
Introduction – A major challenge of quantum metrology is
the need to minimize the backaction noise that accompanies
the measurement of quantum observables. Efforts at circum-
venting this difficulty have led to the development of quantum
non-demolition measurements, and to the use of nonclassical
field states that locate quantum fluctuations where they do not
significantly perturb the measurement. More recently, Tsang
and Caves [1] and Polzik and coworkers [2] realized that it
is sometimes possible to isolate quantum-mechanics free sub-
systems (QMFS) of a quantum system whose observables are
by construction quantum non-demolition observables.
An example considered in Ref. [1] consists of two harmonic
oscillators of identical frequencies and opposite masses de-
scribed by the Hamiltonian
H =
pˆ2
2m
+
1
2
mω2xˆ2− pˆ
′2
2m
− 1
2
mω2xˆ′2. (1)
Considering the composite variables Xˆ = xˆ+ xˆ′, Pˆ = 12 (pˆ+
pˆ′), Φˆ= 12 (xˆ− xˆ′) and Πˆ= pˆ− pˆ′, with [Xˆ ,Πˆ] = [Pˆ,Φˆ] = 0, it
is easily verified that the Heisenberg equations of motion for
Xˆ and Πˆ form the closed system
˙ˆX(t) =
Πˆ(t)
m
, ˙ˆΠ=−mω2Xˆ(t), (2)
so that Xˆ and Πˆ, the collective position and relative momen-
tum, form a QMFS that allows for their simultaneous and re-
peated measurement with arbitrary accuracy – and likewise
for the pair {Φˆ, Pˆ}. QMFS implementations have been real-
ized in atomic spin ensembles [3], hybrid optomechanical sys-
tems [4], microwave-coupled mechanical oscillators [5], and
have been proposed in Bose-Einstein condensates with nega-
tive effective mass component [6].
The fact that the QMFS of Ref. [1] relies on the use of a
negative mass oscillator leads one to ask to what extent the
negative energy states in relativistic quantum systems can re-
sult in the existence of QMFS in these systems as well. This
is the question that we address, using the example of a one-
dimensional Dirac oscillator. We find that already in that im-
plementation it is fundamentally different from two indepen-
dent harmonic oscillators of opposite masses, due to the pres-
ence of a ‘spin-orbit’ coupling-like term associated with rel-
ativistic Zitterbewegung: even in the non-relativistic limit its
remnants limit the ability to realize back-action evading mea-
surements – this is in addition to the known fact that the local-
ization of particles is limited by the Compton wavelength λc.
We then quantify the impact of Zitterbewegung in the full rela-
tivistic regime. We conclude by proposing a table-top atomic,
molecular, and optical physics implementation that permits to
demonstrate this behavior in a non-relativistic system.
Model – The Dirac oscillator is an extension of the Dirac
equation for a free particle that is linear both in position and
momentum. It was introduced by Moshinsky et al [7], who
added the linear vector potential −iβmω xˆ to the Dirac equa-
tion. In addition to its use in nuclear physics and relativistic
quantum physics, see e.g. the reviews [8, 9], it has found ap-
plications in fields ranging from condensed matter physics to
quantum optics [10–13].
We concentrate on one spatial dimension, in which case the
Dirac matrices α and β reduce to the Pauli operators σˆx and
σˆz, leading to the reduced equation
ih¯∂t |Ψ〉=
[
cσˆx pˆ−mcωσˆyxˆ+mc2σˆz
] |Ψ〉 ≡ HDO|Ψ〉. (3)
The energy spectrum of HDO comprises a positive en-
ergy branch with eigenenergies E+n = mc
2
√
1+2nh¯ω/mc2
bounded from below by mc2 and a negative energy
branch with energies E−n = −E+n+1 bounded from above by
−mc2
√
1+2h¯ω/mc2, see Fig. 1(a).
The corresponding eigenstates are |E+n 〉 = An|n,↑〉 −
iBn|n− 1,↓〉 and |E−n 〉 = Bn+1|n+ 1,↑〉+ iAn+1|n,↓〉, where
|n〉 are the eigenstates of a non-relativistic harmonic oscilla-
tor, |↑,↓〉 are Pauli spinors and An =
√
(E+n +mc2)/2E+n and
Bn =
√
(E+n −mc2)/2E+n . The fact that the eigenstates of the
Dirac oscillator are linear superpositions of the motional and
spin states |n,↑〉 and |n− 1,↓〉 is a consequence of the spin-
orbit coupling interaction in HDO, a relativistic effect result-
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Figure 1. (a) Eigenenergies E±n , n = 0, . . .4, in units of mc2 as a
function of the ratio ε = h¯ω/mc2. (b) Probabilities |An|2 and |Bn|2,
n= 0 . . .3, of the two components of the eigenstates.
ing from enforcing first-order spatial dependences in its wave
equation.
Figure 1(b) plots |An|2 and |Bn|2 for n = 0 . . .3 as a func-
tion of the relativistic parameter ε ≡ h¯ω/mc2. For ε  1, we
have that |An| ≈ |Bn| ≈ 1/
√
2, and the eigenstates |E±n 〉 exhibit
spin-orbit coupling and entanglement between motional and
spin degree of freedom. In the non-relativistic limit ε → 0,
in contrast, |An| → 1 and |Bn| → 0, and the eigenstates and
eigenenergies reduce to those of two harmonic oscillators of
frequency ω associated with the spin-up and spin-down com-
ponents. The first one has a positive mass m and ground state
energy mc2, and the second one a negative mass −m and en-
ergy bound from above by −(h¯ω+mc2).
Non-relativistic limit – For ε → 0 the Dirac oscillator can,
therefore, be approximated by the Hamiltonian
Hnr =
(
mc2+
pˆ2
2m
+
mω2xˆ2
2
)
σˆz− h¯ω2 , (4)
which describes a pair of one-dimensional harmonic oscilla-
tors of spin-dependent mass – positive mass for spin up and
negative mass for spin down. While this suggests that it might
be possible to form a QMFS similar to that of Ref. [1] there
is an important difference between the Hamiltonians (4) and
(1), the seemingly inconsequential spin operator σˆz, the rem-
nant of the spin-orbit coupling. We see shortly that it results
in profound differences in the dynamics of the two systems.
In analogy with Ref. [1] we introduce the operators Xˆ =
xˆI = xˆ| ↑〉〈↑ |+ xˆ| ↓〉〈↓ | ≡ xˆ↑ + xˆ↓ and Πˆ = pˆσˆz = pˆ| ↑〉〈↑
|− pˆ| ↓〉〈↓ | ≡ pˆ↑− pˆ↓ which satisfy the closed set of Heisen-
berg equations of motion (2), with, however, the important
difference that [Xˆ ,Πˆ] = ih¯σˆz, instead of [Xˆ ,Πˆ] = 0. The asso-
ciated Heisenberg uncertainty relation is, therefore, ∆Xˆ∆Πˆ ≥
h¯
2 |〈σˆz〉|.
One might expect that since Xˆ and Πˆ commute for 〈σˆz〉→ 0
they would form a QMFS in that limit, with an analogous
QMFS for the pair of operators Pˆ ≡ pˆI and Φˆ ≡ xˆσˆz. This
is, however, not correct, due to the fact that these are com-
posite observables of the center-of-mass and spin degrees of
freedom. While Xˆ has a same expectation value as the center-
of-mass position xˆ, 〈Πˆ〉 normally differs from 〈pˆ〉, and can,
in particular, be different from zero even for 〈σˆz〉 = 0. More
importantly, since σˆ2z = I we have Xˆ2 = Φˆ2 and Pˆ2 = Πˆ2,
so that the separation of the dynamics into two independent
dynamical subsystems is invalid for the high-order moments
of {Xˆ ,Πˆ} and {Φˆ, Pˆ}. As a result, measurement backaction,
while not affecting the evolution of 〈Xˆ〉 and 〈Πˆ〉 for 〈σˆz〉= 0,
does impact their fluctuations, rendering a backaction evading
sequence of measurements impossible.
As a concrete example, we consider using a Dirac oscillator
operating in the non-relativistic limit ε → 0 to perform mea-
surements of a weak spin-dependent external perturbation of
the form Vf = f σˆz by imprinting its position xˆ on the phase of
a quantum harmonic oscillator, the measuring apparatus. The
Hamiltonian describing this measurement scheme is
Htotal = Hnr+ h¯ωbbˆ†bˆ+(gbˆ†bˆ+ f σˆz)xˆ, (5)
where b† and bˆ are the creation and annihilation operators of
the measuring oscillator, and g a coupling constant. In the
non-relativistic limit dσˆz/dt→ 0 the Heisenberg equations of
motion reduce to
dXˆ
dt
= σˆz
pˆ
m
=
Πˆ
m
,
dbˆ
dt
=−i
(
ωb+
g
h¯
Xˆ
)
bˆ
dΠˆ
dt
= σˆz
d pˆ
dt
=−mω2Xˆ−gbˆ†bˆσˆz− f , (6)
where −gbˆ†bˆσˆz accounts for measurement backaction [14].
Solving these equations for Xˆ(t) gives
Xˆ(t) = Xˆ(t0)cosωt+
Πˆ(t0)
mω
sinωt− 2( f +gbˆ
†bˆσˆz)
mω2
sin2
ωt
2
.
(7)
This confirms that for 〈σˆz〉→ 0 and initially uncorrelated sys-
tem and measurement apparatus, 〈bˆ†bˆσˆz〉 = 〈bˆ†bˆ〉〈σˆz〉, the
measurement of f does not impact the subsequent evolution of
〈Xˆ(t)〉. In particular, for |Ψn(0)〉= (|n,↑〉+ |n−1,↓〉)/
√
2, a
superposition that comprises two components of opposite en-
ergies and for which 〈σˆz〉= 0, this expression reduces to
〈Xˆ(t)〉=− 2 f
mω2
sin2
ωt
2
, (8)
independent of any influence from the measuring appara-
tus. However its standard deviation is ∆Xˆ =
√
〈Xˆ2〉−〈Xˆ〉2 =
xzpt
√
2n+8G2 sin4(ωt/2), where G=
√
2g〈bˆ†bˆ〉xzpt/h¯ω is a
dimensionless measurement strength and xzpt =
√
h¯/2mω is
the zero-point width of the oscillator wave function. In ad-
dition to the n-dependent position uncertainty stemming from
the initial state, ∆Xˆ comprises a contribution proportional to
3Figure 2. Color online: Time evolution of the dimensionless posi-
tion 〈Xˆ(t)〉/√2xzpt for a perturbation amplitude f = 0.1, in units of
h¯ω/
√
2xzpt, and for increasing relativistic parameters ε = 10−4 (red),
10−2 (blue), and 10−1 (purple), under the dimensionless measure-
ment strengths G=
√
2g〈bˆ†bˆ〉xzpt/h¯ω = 0.05 (left) and 0.25 (right).
The lower plots show its detailed evolution near the time ωt = pi .
G, illustrating how measurement backaction limits the preci-
sion of subsequent measurements of f .
Relativistic backaction – Moving past the non-relativistic
limit the anharmonicity and spin-orbit coupling of the Dirac
oscillator increasingly prevent the conservation of 〈σˆz〉, and
measurements disturb not just the higher moments of Xˆ , but
〈Xˆ(t)〉 as well. Specifically, the spin-orbit coupling generates
Zitterbewegung oscillations between the positive and negative
energy states of the oscillator, and hence of 〈σˆz〉, at a fre-
quency Ωzb of the order of 2mc2/h¯.
For small enough ε one can evaluate σˆz(t) perturbatively
as 〈σˆz(t)〉≈
√
2nε sin(2mc2t/h¯), see Supplementary Material,
and
〈Xˆ(t)〉 ≈ −2[ f +
√
2nεg〈bˆ†bˆ〉sin(2mc2t/h¯)]
mω2
sin2
ωt
2
. (9)
It is characterized by fast Zitterbewegung oscillations of small
amplitude superposed to slow oscillations at frequency ω 
Ωzb and of amplitude proportional to 2 f , essentially still given
by Eq. (8). Detecting a signal at the bare frequency of the os-
cillator results, therefore, in an effective smearing f ± ∆ of
the measured force, with ∆ =
√
2nεg〈bˆ†bˆ〉. Since the ampli-
tude of the Zitterbewegung oscillations increases with G the
smearing of f can be thought of as a backaction effect that im-
poses a fundamental limit to the precision of the measurement
of f [15]. Alternatively, one can also think of ∆ as an indirect
probe of virtual pair creation [18].
Measurement backaction increases with ε , and the fre-
quency difference between ω and Ωzb eventually becomes
sufficiently small that 〈Xˆ(t)〉 undergoes anharmonic and ape-
riodic oscillations. This is illustrated in Fig. 2, which shows
numerical simulations of 〈Xˆ(t)〉 for the initial state |Ψn(0)〉,
three values of ε and two values of G.
We note that in the extreme relativistic limit, ε  1, HDO
can be approximated by the Hamiltonian for a Weyl fermion
in a spin-dependent potential, Hr = cσˆx pˆ−cmωσˆyxˆ, in which
case spin-orbit coupling fully dominates the dynamics and
renders our measurement scheme meaningless.
Implementation – The table-top simulation of relativistic
quantum systems has witnessed considerable recent progress.
The use of a single trapped ion to simulate the Dirac equation
was proposed by Lamata et al. [19] and experimentally re-
alized by Gerristma et al. [20]. Solano and coworkers [21]
demonstrated the mapping of the Dirac oscillator onto the
Jaynes-Cummings model. Reference [22] reported the real-
ization of a Dirac oscillator in a microwave system, with fur-
ther proposals involving fiber Bragg gratings [23], hexagonal
structures of graphene [24], superconducting qubits [3], and
optomechanical arrays [26].
We propose here an alternative scheme based on a spin-
orbit coupled (SOC) atomic condensate [27], as its macro-
scopic coherence provides considerable flexibility toward
the realization of measurements spanning a broad parameter
range from the effective ‘non-relativistic’ to a ‘strongly rela-
tivistic’ limit. We consider an atomic Bose-Einstein conden-
sate (BEC) of three-level atoms with a pair of pseudo-spin
hyperfine lower states optically coupled by two Raman fields
far-off resonant from an upper electronic state that is adia-
batically eliminated from the dynamics. The resulting tran-
sitions between hyperfine states are accompanied by a mo-
mentum transfer of 2h¯kr in the x direction, where h¯kr is the
photon recoil momentum. The dynamics in the other two di-
rections is assumed to be decoupled, resulting in an effective
one-dimensional situation.
In the mean-field approximation the dynamics of the con-
densate can be described by a 1D Gross-Pitaevskii equation
for the Hamiltonian Hs +Hc, where Hs is the single-atom
Hamiltonian and Hc accounts for two-body collisions. In
momentum representation and the basis of the two hyperfine
states Hs is
Hs =
(
h¯2(k+kr)2
2ma
+ h¯δ2 h¯Ω
h¯Ω∗ h¯
2(k−kr)2
2ma
− h¯δ2
)
, (10)
where ma is the atomic mass and δ and Ω are the two-photon
detuning and effective Rabi coupling. This is similar to the
model describing recent experiments on SOC BEC [28–30,
33], with the difference that we assume that the real part of the
two-photon Rabi coupling Ω has a linear spatial dependence,
Ω = |Ω|eiφ(x), with φ(x) slowly varying over the length of
the condensate and φ(x0) = pi/2 at its center x0 so that Ω(x0)
is purely imaginary. This can be achieved by controlling the
relative phase of the two Raman fields with a spatial phase
modulator. We then have
Ω≈−xˆ|Ω(x0)|∂φ(x)∂x
∣∣∣∣
x0
+Ω(x0)≡−ς xˆ+ iχ (11)
where χ = Im[Ω(x0)]. Hence the real part of the two-photon
Rabi frequency has a linear dependence on position, while its
4Dirac oscillator Electron SOC condensate cQED Ion
Velocity of light (m/s) c∼ 108 c˜= h¯kr/ma ∼ 10−2 ∼ 10 ∼ 10−3
Rest mass (kg) me ∼ 10−31 m˜= χm2a/h¯k2r ∼ 10−27 ∼ 10−26 ∼ 10−23
Reduced Compton wavelength (m) λ c = h¯/mec∼ 10−12 λ˜ c = h¯kr/χma ∼ 10−5 ∼ 10−9 ∼ 10−8
Zitterbewegung frequency (2pi×Hz) Ωzb = 2mec2/h¯∼ 1021 Ω˜zb = 2χ ∼ 103 ∼ 1010 ∼ 105
Oscillator frequency (2pi×Hz) ω ω˜ = h¯krς/maχ ∼ 0−104 ∼ 1010 ∼ 106
Relativistic parameter ε = h¯ω/mec2 ε˜ = h¯krς/maχ2 ∼ 0−10 ∼ 1 ∼ 10
Table I. Mapping of key physical quantities of the original Dirac oscillator onto its spin-orbit-coupled condensate implementation, with
magnitudes taken from the experiments of Refs. [29] and [30]. The magnitude of the corresponding parameters for possible circuit-QED
and ion implementations are also given for comparison, based on Refs. [31] and [19].
imaginary part is constant. With the matrix representation of
Pauli operators and after a pseudo-spin rotation σx → σy →
σz→ σx, Eqs. (10) and (11) give, for δ = 0 and k kr,
Hs =
h¯2k2r
2ma
+
h¯2kr
ma
kσˆx− h¯ς xˆσˆy+ h¯χσˆz. (12)
Except for the kinetic energy term this Hamiltonian has the
same form as HDO, with effective mappings between the ve-
locity of light c and the atomic recoil velocity h¯kr/m, and
between the rest energy mc2 and the Rabi coupling energy
h¯χ . Here kr, ς , and χ > 0. Importantly, the kinetic energy
term raises up the zero energy level to h¯2k2r/2ma, allowing
the physical implementation of an analog of negative-energy
states. See Table I for the full mapping between the two sys-
tems and an estimate of the order of magnitude of the key
parameters.
The two-body collisions are described by the Hamiltonian
Hc =
(
g↑↑
∣∣ψ↑∣∣2+g↑↓ ∣∣ψ↓∣∣2 0
0 g↑↓
∣∣ψ↑∣∣2+g↓↓ ∣∣ψ↓∣∣2
)
, (13)
where ψ↑,↓ are the many-body wave functions for atoms in the
spin-up and spin-down hyperfine levels, and gi j = 4pi h¯2ai j/m,
with ai j the corresponding scattering lengths, measure the ef-
fective inter- and intra-spin collision strengths. When colli-
sions dominate the condensate can be described in a single-
mode approximation, as is the case e.g. for 87Rb, for which
g↑↑ = g↑↓ ≈ g↓↓ [30]. This results in the effective Hamiltonian
H =
2c˜
h¯
Sˆx pˆ− 2c˜m˜ω˜h¯ Sˆyxˆ+
2m˜c˜2
h¯
Sˆz, (14)
where Sˆx,y,z = h¯/2∑Ni σˆ ix,y,z are collective spin operators with
N the number of atoms, and we have neglected terms propor-
tional to g↑↑−g↓↓ and g↑↑+g↓↓−2g↑↓. This Hamiltonian has
the same form as HDO, with the substitution of σˆx,y,z by Sˆx,y,z.
The non-relativistic limit of H is approached under the
strong Raman coupling condition χ √h¯krς/ma, resulting
in an approximate Hamiltonian
Hnr =
(
2m˜c˜2+
pˆ2
m˜
+ m˜ω˜2xˆ2
)
Sˆz/h¯. (15)
which has the same form as Eq. (4), so that the previous dis-
cussion can be readily applied [32].
For a measurement interaction of the form
Vnr = Ngbˆ†bˆxˆ+2 f Sˆzxˆ/h¯ (16)
the coupling to the perturbation f , of the form 2 f Sˆyxˆ/h¯ in the
original physical representation, could be realized through a
spatially dependent Raman coupling such that the spatial de-
pendence appears now in the imaginary part of the effective
Rabi frequency. The interaction with the measurement ap-
paratus, Ngxˆbˆ†bˆ, can be realized by an optomechanical-like
collective coupling between the condensate and a cavity field
bˆ [34, 35]. As with the original Dirac oscillator, the departure
from the non-relativistic regime resulting from a decrease in
h¯χ results in an increase in backaction, now from the analog
of Zitterbewegung oscillations [29, 36].
In that limitH simplifies to
Hr =
2c˜
h¯
Sˆx pˆ− 2c˜m˜ω˜h¯ Sˆyxˆ, (17)
compare to the Weyl fermion Hamiltonian Hr. For a suffi-
ciently large number of atoms highly polarized along the di-
rection of Sˆz, a Holstein-Primakoff transformation is some-
times invoked to map the collective spin operators to posi-
tion and momentum operators of an effective oscillator, xˆs =
Sˆy/
√|Sz|, pˆs = −sgn(Sz)Sˆx/√|Sz|, and Sz ≈ ±h¯N/2 [4] so
that
Hr ≈−c˜
√
2N/h¯ [sgn(Sz)pˆ pˆs+ m˜ω˜ xˆxˆs] , (18)
with [xˆ, pˆs] = 0. For the coupling Vr = Ngbˆ†bˆxˆ+ 2 f Sˆy/h¯, xˆ
and pˆs now appear to constitute a true QMFS. However, this
relies on neglecting the quantum fluctuations of Sˆz, that is, on
treating it as a classical quantity. (The same would hold for
Hr if σˆz was treated classically.) But the fundamental reason
why a QMFS cannot be realized in the Dirac oscillator is pre-
cisely that σz is an operator, and that same issue appears in
the atomic system as well. In that case, measurement backac-
tion would serve as a probe of the limitations of the Holstein-
Primakoff approximation.
Summary and outlook – Summarizing, we have shown that
despite the existence of negative energy states the Dirac os-
cillator is fundamentally different from a system of two har-
monic oscillators with equal and opposite masses, and as a
1consequence can not operate as a QMFS back-action evading
detector. The origin of this difference is a spin-orbit coupling
interaction that results in the relativistic regime in Zitterbewe-
gung oscillations. We suggested that measurement backaction
can be exploited as a probe of the associated virtual pair cre-
ation, and proposed a tabletop demonstration of this effect in
a spin-orbit-coupled atomic condensate.
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2SUPPLEMENTARY MATERIAL
A. Estimation of the relativistic backactions
The original Hamiltonian H ′total =HDO+ h¯ωbbˆ
†bˆ+V can be
written in the form of the anti-Jaynes-Cummings Hamiltonain
H ′total = mc
2σˆz+(ic
√
h¯ωm
2
aˆ†σˆ++h.c.)
+h¯ω bˆ†bˆ+
√
h¯
2mω
(gbˆ†bˆ+ f σˆz)(aˆ+ aˆ†), (S1)
where
aˆ= xˆ
√
mω/2h¯+ ipˆ/
√
2mh¯ω (S2)
is a motional bosonic annihilation operator and σˆ+= σˆx+ iσˆy.
The corresponding Heisenberg equations of motion are
ih¯
dσˆ+
dt
=−2
[
mc2+
√
h¯
2mω
f (aˆ+ aˆ†)
]
σˆ+−4ic
√
h¯ωm
2
σˆzaˆ.
(S3)
ih¯
dσˆz
dt
= 2ic
√
h¯ωm
2
aˆ†σˆ+−h.c. (S4)
ih¯
daˆ
dt
= ic
√
h¯ωm
2
σˆ++
√
h¯
2mω
(gbˆ†bˆ+ f σˆz) (S5)
The oscillations of σˆ± occur at a frequency of the order
2mc2/h¯, which results in Zitterbewegung oscillations between
the positive- and negative-energy states. For mc2/h¯ ω , we
can adiabatically eliminate the dynamical equation of σˆ+ by
inserting the approximate expression
σˆ+ ≈
 −i√2h¯ω/mc2
1+ fmc2
√
h¯
2mω (aˆ+ aˆ
†)
 σˆzaˆ (S6)
obtained from Eq. (S3) into Eqs. (S4) and (S5). They reduce
then to
ih¯
dσˆz
dt
≈ aˆ†
 2h¯ω
1+ fmc2
√
h¯
2mω (aˆ+ aˆ
†)
 aˆσˆz−h.c.= 0,
daˆ
dt
≈−i
 ω
1+ fmc2
√
h¯
2mω (aˆ+ aˆ
†)
 σˆzaˆ
− i√
2h¯ωm
(gbˆ†bˆ+ f σˆz). (S7)
For a weak perturbation f 〈xˆ〉  mc2 we can ignore the oper-
ator part in the denominator, and with the definition of aˆ we
then obtain the approximate Heisenberg equations of motion
dxˆ
dt
=
σˆz
m
pˆ, (S8)
σˆz
d pˆ
dt
=−mω2xˆ−gbˆ†bˆσˆz− f . (S9)
Their solution is
xˆ(t) = xˆ(t0)cosωt+
pˆ(t0)σˆz
mω
sinωt− 2( f +gbˆ
†bˆσˆz)
mω2
sin2
ωt
2
,
(S10)
pˆ(t) = pˆ(t0)cosωt− xˆ(t0)σˆzmω sinωt− f σˆz+gbˆ
†bˆ
ω
sinωt.
(S11)
For a spin balanced initial state such as
|Ψn(t0)〉= |n,↑〉+ |n−1,↓〉√
2
. (S12)
For 〈σˆz〉= 0, the evolution of xˆ(t) is independent on the mea-
suring apparatus bˆ.
As ε increases the approximation dσˆz/dt ≈ 0 gradually
loses its validity and the measurement backaction term,
gbˆ†bˆσˆz, can no longer be neglected in the evolution of xˆ.
When the measurement interaction is much weaker than the
original energy of the oscillator,V mc2, we can estimate the
evolution of 〈σˆz(t)〉 approximately by the Heisenberg equa-
tions with Hamiltonian HDO only. After expanding the initial
state |Ψn(t0)〉 on the eigenstates of HDO we can obtain the
evolution of the state, and hence 〈σˆz〉 as
〈σˆz(t)〉 ≈
√
2nε
1+2nε
cos(
2E+n t
h¯
)
ε1≈
√
2nε sin(
2mc2t
h¯
)
(S13)
from which we can estimate the influence of the measurement
backaction on the oscillations of Xˆ(t) ≡ xˆI from Eq. (S10).
This gives
〈Xˆ(t)〉 ≈ −2[ f +
√
2nεg〈bˆ†bˆ〉sin( 2mc2th¯ )]
mω2
sin2
ωt
2
, (S14)
which shows that the backaction error increases with the mea-
surement strength g〈bˆ†bˆ〉.
B. Measurement in the Foldy–Wouthuysen representation
The complications associated with the role of spin-
orbit coupling can be formally eliminated in the
Foldy–Wouthuysen (FW) representation [S1, S2], where
the positive- and negative-energy states of the Dirac oscillator
are completely separated by the different spinors, as the case
of the non-relativistic limit. The FW and the original Dirac
representations are related by the nonlocal transformation
Uˆ = eβ
α·pˆi
2|pˆi| θ , with θ = arctan(|pˆi|/mc) and pˆi = pˆ− iβmω xˆ.
In the FW representation HDO is diagonalized into the form
HFW = UˆHDOUˆ† = σ˜zc
√
(mc)2+ p˜2+(mω x˜)2− σ˜zmh¯ω,
(S15)
where x˜, p˜, and σ˜z are the position, momentum, and spin op-
erators in the FW representation. The corresponding eigenen-
ergies are still E±n as in the main text, and the corresponding
3eigenstates, given by the transformation
|E+n 〉FW = Uˆ |E+n 〉= |n,↑〉,
|E−n 〉FW = Uˆ |E−n 〉= |n,↓〉, (S16)
are same as the reduced eigenstates of Dirac representation in
the non-relativistic limit. For the total Hamiltonian HFW +V ,
dσ˜z/dt remains exactly zero at all times, but due to the anhar-
monic form of HFW, the dynamics also involves higher mo-
ments through the commutators [x˜,HnFW] = ih¯nc
2Hn−2FW p˜ and
[p˜,HnFW] =−ih¯n(mωc)2Hn−2FW x˜ (n≥ 1), so that the composite
operators X˜ ≡ x˜I and Π˜≡ p˜σ˜z can not constitute a QMFS.
If the measurement interaction is much weaker than the
original energy of the oscillator, that is, |V/HFW|  1 we can
obtain the Heisenberg evolution of x˜ through the perturbation
theory,
x˜(t) =T †(t, t0)x˜T (t, t0)
+
1
ih¯
∫ t
0
dt ′[T †(t, t0)x˜T (t, t0),T †(t, t ′)VT (t, t ′)]+O(V 2),
(S17)
where the time evolution operator T (t, t ′) = e−iHFW(t−t ′)/h¯.
The resulting approximate evolution of xˆ takes a form simi-
lar to Eq. (16) in the main text,
x˜(t)≈ x˜(t0)cos(ωˆt)
+
p˜(t0)σ˜z
mω
sin(ωˆt)− 2(gσ˜zbˆ
†bˆ+ f )
mωωˆ
sin2(
ωˆt
2
),(S18)
but with an important difference that the effective oscillation
frequency ωˆ = σ˜zmωc2/HFW is in an operator form.
Measurement backaction disappears in the evolution of 〈x˜〉
therefore when the DO is initially in an ‘energy balanced’
state such that 〈HFW 〉 = 0, a more stringent condition than
in the case of non-relativistic limit where only 〈σˆz〉 = 0 is
required. For instance when the initial state is |Ψ(t0)〉 =
(|E+n 〉FW+ |E−n−1〉FW)/
√
2, Eq. (S18) will give a position evo-
lution
〈x˜(t)〉=− 2E
+
n f
(mωc)2
sin
(
mc2ωt
2E+n
)
, (S19)
which is independent on the measuring apparatus bˆ. Note that
when mc2 h¯ω we have E+n ≈mc2, so this result is consistent
with the result obtained in the non-relativistic limit ( Eq. (18)
in the main text ). Similarly, the influence of measuring ap-
paratus appears in the fluctuation of x˜, so the measurement
backactions is unavoidable as in the physical Dirac represen-
tation.
Although Zitterbewegung oscillations for a general DO ap-
pears to be avoidable in the FW representation, the prob-
lem is that when returning to the physical Dirac representa-
tion, x˜ becomes the Newton-Wigner (NW) position operator,
XˆNW = Uˆ†x˜Uˆ , which is not diagonal in coordinate space, ac-
companied by a positional smearing over a region comparable
to the Compton wavelength of the particle. Measuring xˆNW
might require a full quantum tomography of the evolved state
of the system or require some additional Ramsey-like rota-
tions before measurements [S3]. Hence, a precise measure-
ment of NW position does not imply that this is the case for
the physical position. Instead, a fundamental uncertainty of
size ∼ h¯/mc is inevitable. Besides, it also requires a more
special form of the measurement interaction than in the Dirac
representation, VNW = Uˆ†VUˆ .
The explicit forms of XˆNW andVNW in the Dirac representa-
tion are too complicated to reproduce here, but we can obtain
approximate expressions via a series expansion according to
the order of the ratio h¯ω/mc2. For instance, the leading-order
approximation gives exactly the non-relativistic limit results.
In the first-order approximation the expression of the NW po-
sition operator is
XˆNW ≈ xˆ− h¯2mc σˆy, (S20)
and the measurement interaction is
VNW ≈V − h¯g2mcbˆ
†bˆσˆy+
f
2mc
(xˆ pˆ+ pˆxˆ)σˆx. (S21)
which shows that the coupling to the perturbation f to be mea-
sured is in a complex spin-orbit-coupled form.
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